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In the scalar-tensor theories with a massive scalar field the coupling constants, and the
coupling functions in general, which are observationally allowed, can differ significantly
from those in the massless case. This fact naturally implies that the scalar-tensor neutron
stars with a massive scalar field can have rather different structure and properties in com-
parison with their counterparts in the massless case and in general relativity. In the present
paper we study slowly rotating neutron stars in scalar-tensor theories with a massive grav-
itational scalar. Two examples of scalar-tensor theories are examined - the first example is
the massive Brans-Dicke theory and the second one is a massive scalar-tensor theory in-
distinguishable from general relativity in the weak field limit. In the later case we study
the effect of the scalar field mass on the spontaneous scalarization of neutron stars. Our
numerical results show that the inclusion of a mass term for the scalar field indeed changes
the picture drastically compared to the massless case. It turns out that mass, radius and
moment of inertia for neutron stars in massive scalar-tensor theories can differ drastically
from the pure general relativistic solutions if sufficiently large masses of the scalar field are
considered.
PACS numbers: 04.40.Dg, 04.50.Kd, 04.80.Cc
I. INTRODUCTION
Scalar-tensor theories of gravity (STT) are the most natural viable generalization of general rel-
ativity (GR) and have been extensively studied in various astrophysical and cosmological aspects
in the last two decades. Ones of the best laboratories for testing the strong field regime of scalar-
tensor theories, and the gravitational theories in general, are the neutron stars. The scalar-tensor
neutron stars attracted a lot of interest in the past and their structure, properties and the physi-
cal effects related to them were investigated in many papers ([1–8] and references therein). Most
of these studied were restricted to scalar-tensor theories with a massless scalar field. The recent
astrophysical and cosmological observations, however, have severely constrained the basic pa-
rameters of the scalar-tensor theories with a massless scalar field [9, 10] leaving a narrow window
for new physics beyond general relativity. The situation can change drastically if we consider a
massive scalar field. The scalar field mass mϕ leads to a finite range of the scalar field of the order
of its Compton wave-length λϕ = 2pi/mϕ. In other words the presence of the scalar field will be
suppressed outside the compact objects at distances D > λϕ. This means in turn that all obser-
vations of compact objects involving distances greater than λϕ can not put constraints, or at least
stringent constraints, on the scalar tensor theories. For example, in the case of massive Brans-
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2Dicke theory with mϕ & 2× 10−25GeV (or λϕ . 1011m), the Solar System observations can not
put stringent constraints on the Brans-Dicke parameter ωBD and all values ωBD > − 32 are obser-
vationally allowed [11]. The massive gravitational scalar suppresses also the dipole radiation and
the compact binaries can not constrain severely the Brans-Dicke parameter if their orbit radius is
significantly greater than λϕ [12]. In general, as shown in [12], if λϕ << 1011m (λϕ << 1AU) then
ωBD can take on any value as long as ωBD > − 32 .
It is well known that certain scalar-tensor theories with a coupling function in the Einstein
frame of the type α(ϕ) = βϕ with β < 0 exhibit the non-perturbative effect of spontaneous
scalarization for neutron stars which consists in the fact that the scalar vacuum is unstable to the
condensation of the scalar field in the present of matter. The present observations, for example the
pulsar-white dwarf binary PSR J0348+0432, put very stringent bound on the coupling parameter
β, namely β & −4.5. However, if we consider a massive scalar field with a suitable range then
the values of β allowed by the observations can be in orders of magnitude different from −4.5. A
rough estimate for the parameter β when the range of the scalar field is significantly smaller than
the periapse of PSR J0348+0432 (λϕ << 1010m or equivalently mϕ >> 10−16eV ) was given in
[13], namely 3 . −β . 103.
As we saw above the coupling constants (and the coupling functions in general) of the scalar-
tensor theories with a massive scalar field, which are observationally allowed, can differ really
significantly from those in the massless case. This fact naturally leads us to the conclusion that the
compact objects in general, and the neutron stars in particular, with a massive scalar field could
in principle have rather different structure and properties in comparison with their counterparts
in the massless case. With this motivation in mind, in the present paper we numerically study
slowly rotating neutron stars in scalar tensor theories with a massive scalar field. More precisely
we consider slowly rotating neutron star models in the massive Brans-Dicke theory and in the
massive scalar-tensor theory given by the Einstein frame coupling function
α(ϕ) = βϕ (1)
with β < 0. In the later case we study the spontaneous scalarization for massive scalar fields. To
the best of our knowledge the spontaneous scalarization with a massive scalar field for static and
slowly rotating neutron stars was studied in the master thesis of one of us (D.P.) [14]. During the
preparation of the present work the nice paper [13] appeared where the authors also study the
spontaneous scalarization with a massive scalar field for static (nonrotating) neutron stars. Let
us note however that the mass-radius and mass-moment of inertia relations are discussed only
in [14] and in the present paper. A model similar to the spontaneous scalarization (the so-called
asymmetron model) was also considered in [15]. The differences between the scalar-tensor spon-
taneous scalarization and the spontaneous scalarization in the mentioned model were discussed
in [13].
II. BASIC EQUATIONS
The Einstein frame action of the scalar-tensor theories is given by
S =
1
16piG
∫
d4x
√−g [R− 2gµν∂µϕ∂νϕ−V(ϕ)]+ Smatter(A2(ϕ)gµν,χ), (2)
3where R is the Ricci scalar curvature with respect to the Einstein frame metric gµν. The scalar-
tensor theories are fully specified by the functions A(ϕ) and V(ϕ). The Jordan frame metric g˜µν
and the gravitational scalar Φ are given respectively by g˜µν = A2(ϕ)gµν and Φ = A−2(ϕ). In the
present paper we shall restrict ourselves to the following simple dilaton potential V(ϕ) = 2m2ϕϕ2
yielding the mass of ϕ.
The field equations that follow from the action (2) are
Rµν − 12 gµνR = 8piGTµν + 2∇µϕ∇νϕ− gµνg
αβ∇αϕ∇βϕ− 12V(ϕ)gµν, (3)
∇µ∇µϕ = −4piGα(ϕ)T + 14
dV(ϕ)
dϕ
, (4)
where∇µ is the covariant derivative with respect to gµν and the coupling function α(ϕ) is defined
by α(ϕ) = d ln A(ϕ)dϕ . From the field equations and the contracted Bianchi identities we find the
following conservation law for the Einstein frame energy-momentum tensor
∇µTµν = α(ϕ)T∇νϕ. (5)
The Einstein frame energy-momentum tensor Tµν and the Jordan frame one T˜µν are related via
the formula Tµν = A2(ϕ)T˜µν. In the case of a perfect fluid the relations between the energy density,
pressure and 4-velocity in both frames are given by ρ = A4(ϕ)ρ˜, p = A4(ϕ) p˜ and uµ = A−1(ϕ)u˜µ.
As we discussed in the introduction we will concentrate on two classes of STT. The first one is
the massive Brans-Dicke theory with a coupling function
α(ϕ) = α0 ⇔ A(ϕ) = exp(α0ϕ), (6)
where α0 is a constant. The second one is a massive scalar-tensor theory with
α(ϕ) = βϕ⇔ A(ϕ) = exp(1/2ϕ2), (7)
where β < 0 is a parameter. The latter case is equivalent to general relativity in the weak field
regime.
We consider further stationary and axisymmetric spacetimes as well as stationary and axisym-
metric fluid and scalar field configurations. In the slowly rotating approximation, i.e. keeping
only first-order terms in the angular velocity Ω = uφ/ut, the spacetime metric can be written in
the standard form [16]
ds2 = −e2φ(r)dt2 + e2Λ(r)dr2 + r2(dθ2 + sin2 θdϑ2)− 2ω(r, θ)r2sin2θdϑdt. (8)
Only the metric function ω is in linear order of Ω. The influence of the rotation on the other
metric functions, the scalar field, the fluid energy density and pressure is of order O(Ω2). For the
fluid four-velocity uµ, up to linear terms in Ω, one finds u = ut(1, 0, 0,Ω), where ut = e−φ(r).
The dimensionally reduced Einstein frame field equations containing at most terms linear in
Ω, are the following
41
r2
d
dr
[
r(1− e−2Λ)
]
= 8piGA4(ϕ)ρ˜+ e−2Λ
(
dϕ
dr
)2
+
1
2
V(ϕ), (9)
2
r
e−2Λ
dφ
dr
− 1
r2
(1− e−2Λ) = 8piGA4(ϕ) p˜ + e−2Λ
(
dϕ
dr
)2
− 1
2
V(ϕ), (10)
d2ϕ
dr2
+
(
dφ
dr
− dΛ
dr
+
2
r
)
dϕ
dr
= 4piGα(ϕ)A4(ϕ)(ρ˜− 3p˜)e2Λ + 1
4
dV(ϕ)
dϕ
e2Λ, (11)
dp˜
dr
= −(ρ˜+ p˜)
(
dφ
dr
+ α(ϕ)
dϕ
dr
)
, (12)
eΦ−Λ
r4
∂r
[
e−(Φ+Λ)r4∂rω¯
]
+
1
r2 sin3 θ
∂θ
[
sin3 θ∂θω¯
]
= 16piGA4(ϕ)(ρ˜+ p˜)ω¯, (13)
where the function ω¯ is defined as ω¯ = Ω−ω.
This system of equations, supplemented with the equation of state for the star matter and
appropriate boundary conditions, describes the interior and the exterior of the neutron star. In
the exterior of the neutron star we have to set ρ˜ = p˜ = 0.
The equation for ω¯ is separated from the other equations which form an independent subsys-
tem. This subsystem is obviously the system for the static and spherically symmetric case. The
natural boundary conditions at the center of the star are ρ(0) = ρc,Λ(0) = 0, while at infinity we
have limr→∞ φ(r) = 0, limr→∞ ϕ(r) = 0 as required by the asymptotic flatness [17]. As usual, the
coordinate radius rS of the star is determined by the condition p(rS) = 0 while the physical radius
of the star as measured in the physical Jordan frame is given by RS = A[ϕ(rS)]rS.
The equation for ω¯ can be considerably simplified. Expanding ω¯ in the form [16]
ω¯ =
∞
∑
l=1
ω¯l(r)
(
− 1
sin θ
dPl
dθ
)
, (14)
where Pl are Legendre polynomials and substituting into the equation for ω¯ we find
eΦ−Λ
r4
d
dr
[
e−(Φ+Λ)r4
dω¯l(r)
dr
]
− l(l + 1)− 2
r2
ω¯l(r) = 16piGA4(ϕ)(ρ+ p)ω¯l(r). (15)
For asymptotically flat spacetimes, the asymptotic of the exterior solution of (15) is ω¯l →
const1 r−l−2 + const2 rl−1. In view of the fact that ω → 2J/r3 (or equivalently ω¯ → Ω− 2J/r3) for
r → ∞ with J being the angular momentum of the star and comparing it with the above asymp-
totic for ω¯, we conclude that l = 1, i.e. ω¯l = 0 for l ≥ 2. Therefore ω¯ is a function of r only and
the equation for ω¯ is
eΦ−Λ
r4
d
dr
[
e−(Φ+Λ)r4
dω¯(r)
dr
]
= 16piGA4(ϕ)(ρ+ p)ω¯(r). (16)
The natural boundary conditions for ω¯ are
dω¯
dr
(0) = 0 and lim
r→∞ ω¯ = Ω. (17)
5The first condition ensures the regularity of ω¯ at the center of the star.
One of the quantities we consider in the present paper is the inertial moment I of the compact
star. It is defined as usual
I =
J
Ω
. (18)
Using equation (16) for ω¯ and the asymptotic form of ω¯ one can also show that
I =
8piG
3
∫ rS
0
A4(ϕ)(ρ+ p)eΛ−Φr4
(
ω¯
Ω
)
dr. (19)
In the next section where we present our numerical results we shall use the dimensionless
parameter mϕ → mϕR0 and the dimensionless inertial moment I → I/MR20 where M is the
solar mass and R0 = 1.47664 km is one half of the solar gravitational radius.
III. RESULTS
A. Constraints on the parameters of the theory
Let us first discuss the case of massless scalar field with coupling function A(ϕ) = exp ( 12βϕ
2)
which is equivalent to general relativity in the weak field regime and therefore, passes without
any problem through most of the observations. The only exception are the observation of neutron
stars in close binaries where the strong field effects are non-negligible. These binary systems
consist normally of two neutron stars or a neutron star and white dwarf and the most complete
list of such objects up to our knowledge can be found in [9] including the recently discovered PSR
J0348+0432 [10]. Since the emitted gravitational waves match very well the predictions of general
relativity, constraints on β can be obtained from the requirement to have negligible amount of
scalar gravitational radiation for the corresponding binary system (this means that we should
have very weakly scalarized or completely non-scalarized solutions for the observed neutron star
masses) [2]. All of the observed binary systems lead to constraints on β > −5.0 and the most
severe bound comes from PSR J0348+0432, namely β > −4.5. This narrows down significantly
the possible range of β since scalarization is observed roughly for β < −4.35 in the static and
β < −3.9 in the rapidly rotating case [8].
A way to circumvent this severe constraint is to consider a massive scalar field as discussed
in the introduction [13, 14]. The mass of the scalar field can effectively suppress the scalar gravi-
tational waves and reconcile the scalar-tensor theories with the binary neutron star observations
for a much larger range of β. In more rigorous terms, if the Compton wave-length of the scalar
field λϕ is much smaller than the separation of the two stars in the binary system denoted with
rb, the emitted scalar gravitational radiation will be negligible. Therefore, the strongest bound on
the λϕ, and thus on the scalar field mass mϕ, would come from the binary system in [9, 10] which
have the smallest orbital separation. It turns out though that the orbital separation for all these
systems is roughly of the same order 109m. This translated into
mϕ  10−16eV. (20)
6As far as neutron stars are concerned for such values of mϕ, β is practically unconstrained. Ad-
ditional bounds on β were given in [13], namely −103 < β < −3. In this section we will present
results for β ≥ −10, since much smaller values of β lead to very drastic changes in the neutron
star structure.
An upper limit on mϕ can be imposed based on the requirement that the mass term does not
prevent the scalarization of the star. Namely, the characteristic length scale of the star should be
smaller than the Compton wave-length which leads to mϕ . 10−9eV [13]. Therefore the allowed
range for mϕ is
10−16eV . mϕ . 10−9eV. (21)
A mid-range can be also excluded (10−13eV . mϕ . 10−11eV) based on the arguments connected
to superradiant instability if we assume that the measurement of the black hole spin is accurate
enough [13, 18]. There are many uncertainties in this case though and that is why we will consider
the whole range of mϕ given by eq. (21) in order to achieve a completeness of our results.
Let us now turn to the bounds imposed on the parameters in the massive Brans-Dicke case. In
the massless case the coupling parameter α0 in eq. (6) is severely limited since the Brans-Dicke
theory gives deviations from GR even in the weak field regime that is tested with high accu-
racy by several experiments. If the scalar field is massive enough though it will be exponentially
suppressed and would not influence these experiment. As we commented above, the tightest
constraint on the scalar field mass would come from the experiment where we have the smallest
separation. From the macrophysics test, this is the Gravity Probe B experiments, where the sepa-
ration is equal to the orbit of the satellite that is of the order of 107m. Other observations, such as
the advance of Mercury perihelion or the deflection of light by the Sun, have characteristic length
scale of the order of one astronomical unit, that is clearly much larger.
Thus, if we impose the requirement that the Compton wave-length is smaller than 107m, we
obtains the following constraint for the massive Brans-Dicke theory
mϕ > 2× 10−14eV. (22)
Using such values of the scalar mass, the parameter α0 is essentially unconstrained.
B. Numerical results
The system of reduced field equations is solved using a shooting method, where the shooting
parameters are the values of the scalar field and the metric functions Φ and ω at the origin. Once
we fix the mass of the scalar field and the coupling parameters β or α0 (depending on the particular
class of STT we are using), the solution is specified by the central energy density ρc. The code is
tested against the results in the static case presented in [13] and it shows very good agreement.
In the case when A(ϕ) = exp ( 12βϕ
2) we have non-uniqueness of the solutions. The trivial
case with zero scalar field (i.e. the GR case) is always a solution of the field equations but for
certain regions of the parameter space there are additional solutions with the same central energy
density but different nonzero scalar fields. In the case of massive Brans-Dicke theory with A(ϕ) =
exp(α0ϕ) we have unique solutions specified by the central energy density and the value of α0.
The trivial case with zero scalar field is not a solution of the field equations for nonzero α0.
7We use a representative modern equation of state, the so-called APR EOS and the piecewise
polytropic approximation is employed [19].
1. Massive scalar-tensor theory with A(ϕ) = exp( 12βϕ
2) which admits scalarization.
As we have already commented, in this case the observations of close binary systems can not
impose constraints on the parameter β if the mass of the scalar field is sufficiently large mϕ 
10−16eV. In Fig. 1 the mass as a function of the central energy density and the radius is presented
for several combinations of β and the scalar field mass mϕ. The presented results in this figure are
for the static case since we are calculating only first order corrections with respect to the stellar
rotational frequency Ω while the rotational corrections to the mass M and the radius R are of
second order of Ω. In the figure we plot the data for β ≥ −10 and one can see that for such values
of the coupling parameter the maximum neutron star mass increases almost 3 times and the stellar
radii are also reach significantly larger values. If we increase β even more we will naturally get
larger deviations from GR, but the qualitative behavior will remain the same.
Expectedly, the results for β = −4.5 differ only marginally from the GR case, but the differences
can reach very large values with the increase of β. The case with mϕ = 0 is clearly equivalent
to the massless STT. As we increase the scalar field mass the Compton wave-length decreases.
This effectively suppresses the scalar field and the deviation from GR start to decrease. Loosely
speaking in the limit when mϕ → ∞ the solutions converge to the GR ones. Therefore, the neutron
stars with different values of mϕ are more or less bounded between the massless STT case and the
GR limit. This means that the scalar field mass can not lead to larger deviation from the pure GR
compared to the massless theory for the same value of β but instead what we gain is the much
broader range of allowed values of β. In the figure we have plotted the results for masses between
zero and 5× 10−2 in our dimensionless units. Our calculations show that if we increase the mϕ
further the solutions get closer and closer to the pure GR, but we decided not to plot them, because
they will overlap with the solutions for different values of β, thus making the figure overcrowded
and difficult to read. For masses smaller than 10−3 the results become almost indistinguishable
from the massless case.
In Fig. 2 the moment of inertia I is plotted as a function of the stellar mass, where the right
panel is a magnification of the left one. As one can see I can increase by almost an order of
magnitude compared to the general relativistic case for β = 10. This is really a drastic change that
can be used to impose observational constraint on the massive STT since it is expected that in the
near future the moment of inertia of binary neutron stars will be observed with a good accuracy
[20]. Again we should note that if we increase further the scalar field mass, the results will get
close to the GR case this overlapping with the results for larger β. This is the reason why we
decided not to plot data for larger values of mϕ
Let us comment further on the change of the results when varying β and mϕ. As one can see
the qualitative behavior of both the mass and the moment of inertia is practically the same and the
results with small β and large mϕ practically overlap with the data for large β and small mϕ. This
means that observations of the stellar mass, radius and moment of inertia alone can give us a clue
for possible deviations from GR but can not discriminate between effects coming from varying β
and mϕ. Such discrimination might be possible with other observations such as the gravitational
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FIG. 1: The mass as a function of the central energy density (left panel) and as a function of the radius (right
panel) for EOS APR. The results for different values of the coupling constant β and mass of the scalar field
mϕ are plotted.
wave signal emitted by inspiraling binaries [21–23]. On the other hand if close binary systems
are discovered that have a significant smaller orbital separation compared to the ones already
observed [9, 10], then the mass of the scalar field can be further constrained as discussed in Section
III A.
Here we consider only one equation of state that can be viewed as a representative one. A
common problem for testing the alternative theories of gravity is that there is a degeneracy be-
tween effects coming from varying the gravitational theory and the equation of state. As one can
see here the situation is much better because the deviations from GR can be dramatic while the
parameters are still in agreement with all the observations.
The values of mϕ presented on the graph are in agreement with the bounds discussed in Section
III A coming from the observations of close binary systems and the requirement that the mass
term does not prevent the scalarization of the star, namely 10−16eV . mϕ . 10−9eV (in our
dimensionless units 7 × 10−7 . mϕ . 7). We have not excluded though in our calculations
the mid-range constraint coming from measurements of black hole spins and the superradiant
instability 10−13eV . mϕ . 10−11eV (in our dimensionless units 7× 10−4 . mϕ . 7× 10−2).
The reason is that we wanted to achieve a completeness of our studies and of course there are
uncertainties in the measurements of the black holes spins that can lead to a change of this mid-
range.
2. Massive Brans-Dicke theory with A(ϕ) = exp(α0ϕ).
As a second class of scalar-tensor theory we will consider the massive Brans-Dicke theory. As
we discussed earlier, the tightest bound on the scalar field mass comes from the Gravity Probe B
experiment, namely mϕ > 10−4. The results are presented in Figs. 3 and 4. We have chosen two
values of α0, α0 = 1 and α0 = 2 which lead to a significant change of the neutron star properties.
As one can see for nonzero α0 the solutions always differ from GR, unlike in the previous sec-
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FIG. 2: The moment of inertia as a function of the stellar mass. The right panel is a magnification of the left
panel.
tion, which is a straightforward consequence from the field equations and the exact form of the
coupling function. For the considered values of α0 the maximum mass can increases almost three
times and the moment of inertia increases by roughly an order of magnitude compared to the GR
case. With the increase of α0 the deviations from the Einstein’s theory of gravity get even larger.
As one can see the qualitative behavior is similar to the STT with coupling function A(ϕ) =
exp( 12βϕ
2) considered in the previous section. For a fixed value of α0, the solutions with different
scalar field masses are bounded between the general relativistic solutions, which correspond to
the limit of infinite scalar field mass, and the massless Brans-Dicke solutions. The presented
results are for mϕ ≥ 10−4 in agreement with the observations and it can be noticed that for mϕ =
10−4 the results are already very close to the massless Brans-Dicke case. Another similarity with
the results in the previous section is that the qualitative behavior of changing the parameter α0 and
the scalar field mass is the same. This means that solutions with small α0 and small mϕ overlap
with the solutions with large α0 and large mϕ which makes it very difficult to distinguish between
the two effects.
We will not go into further details in the results for this particular class of STT for the following
reasons. First, the results are qualitatively very similar to the results in the previous section as
we commented and most of the conclusions made there are valid also for the massive Brans-
Dicke theory. Second, our main goal here was not to make an extensive study but rather to give
representative examples that the massive Brans-Dicke theory can lead to significant deviations
for GR for values of the coupling parameters that are in agreement with present observations,
contrary to the massless Brans-Dicke theory where the deviations from GR are marginal because
of the tight constraints imposed by the weak-field observations.
IV. CONCLUSIONS
We have studied slowly rotating neutron stars in two particular classes of scalar-tensor theory
with nonzero scalar field mass. The first one is equivalent to GR in the weak field regime for
massless scalar field, but it can lead to large deviations when strong field are considered (the so-
called scalarization). The second one is the massive Brans-Dicke theory. These two classes are
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FIG. 3: The mass as a function of the central energy density (left panel) and as a function of the radius (right
panel) for neutron stars in the massive Brans-Dicke theory with EOS APR. The results for different values
of the coupling constant α0 and mass of the scalar field mϕ are plotted.
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FIG. 4: The moment of inertia as a function of the neutron star mass for the massive Brans-Dicke theory
amongst the most intuitive and widely used STTs.
In both theories the static and slowly neutron star solutions differ almost marginally from GR
in the massless case if one considers coupling parameters that are in agreement with the present
observation. The inclusion of scalar field mass changes the picture dramatically. It suppresses
the scalar field at length scale of the order of the Compton wavelength which helps us reconcile
the theory with the observations for a much broader range of the coupling parameters. Indeed,
it turns out that the mass, radius and moment of inertia for neutron stars in massive STT can
differ drastically from the pure GR solutions if sufficiently large masses of the scalar field are
11
considered.
One inconvenience comes from the fact that the effects of changing the coupling parameters
and the scalar field mass have the same qualitative influence on several important dependences
such as mass-radius and moment of inertia-mass, that are considered in the present paper. There-
fore, one can not break the degeneracy between these parameters using only observations of the
neutron star mass, radius and moment of inertia. For this purpose different astrophysical impli-
cations have to be considered, such as the emitted gravitational wave signal after binary neutron
star merger, similar to the massless case [21–23].
The considered massive STTs are ones of the very few (if not the only) currently available
alternative theories of gravity that have very large deviations from GR on one hand and be in
agreement with all the present observations on the other. In addition, the scalar-tensor theory is
a very well posed theory which does not suffer from intrinsic problems and it is one of the most
natural generalizations of Einstein’s theory of gravity. This makes the results in the present paper
and their astrophysical implications important and worth exploring further in order to propose
specific tests for constraining the parameters of the theory.
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